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Dynamial and statistial properties of traer advetion are studied in a family of ows produed
by three point-vorties of dierent signs. Traer dynamis is analyzed by numerial onstrution of
Poinaré setions, and is found to be strongly haoti: advetion pattern in the region around the
enter of vortiity is dominated by a well developed stohasti sea, whih grows as the vortex system
initial onditions are set loser to those leading to the ollapse of the vorties; at the same time, the
islands of regular motion around vorties, known as vortex ores, shrink. An estimation of the ore's
radii from the minimum distane of vortex approah to eah other is obtained. Traer transport was
found to be anomalous: for all of the three numerially investigated ases, the variane of the traer
distribution grows faster than a linear funtion of time, orresponding to a super-diusive regime.
The transport exponent varies with time deades, implying the presene of multi-fratal transport
features. Yet, its value is never too far from 3/2, indiating some kind of universality. Statistis
of Poinaré reurrenes is non-Poissonian: distributions have long power-law tails. The anomalous
properties of traer statistis are the result of the omplex struture of the advetion phase spae, in
partiular, of strong stikiness on the boundaries between the regions of haoti and regular motion.
The role of the dierent phase spae strutures involved in this phenomenon is analyzed. Based on
this analysis, a kineti desription is onstruted, whih takes into aount dierent time and spae
salings by using a frational equation.
I. INTRODUCTION
The understanding of the advetion of passive traers is of fundamental interest for many dierent elds, ranging
from a pure mathematial problem, to transport or mixing related ones. One area extensively studied in the last
deade is the so alled haoti advetion[1℄-[9℄. This phenomenon, resulting from a haoti nature of Lagrangian
trajetories, enhanes the mixing of traers in laminar ows, while in the absene of haoti advetion the mixing
relies on the muh less eient mehanism of moleular diusion.
Chaoti advetion in geophysial ows is one of the important areas of appliation, where the adveted quantities
vary from the ozone in the stratosphere to various pollutants in the atmosphere and oean, or suh salar quantities
as temperature or salinity. The interest in the geophysial ows inreases the pratial signiane of two-dimensional
models and more speially the advetion in the system of vorties [10℄-[18℄. In addition to the large sale geophysial
ows, 2D deaying turbulene is another example, where the inverse asade of energy generates oherent strutures
(vorties) whih dominate the evolution of the ow [19℄-[26℄. This type of problems represents only one faet of
the interest inherent to the advetion in few-vorties systems. Another faet is related to a transport of adveted
partiles. It is known from dierent observations and numerous models, that the transport of adveted partiles is
anomalous and, in one or another way, an be linked to the Levy-type proesses and their generalizations [27℄-[31℄.
Although these results pertain to fairly simple ows and models, there are speulations relating the haoti advetion
in low-dimensional ows to partile dispersion in turbulent ows (see for example a disussion in [32℄).
The interest to the haoti advetion in a three-vortex system is speial not only for the reasons mentioned above.
The three-vortex system is integrable, and its dynamis an be desribed in an expliit analytial form. An addition of
a traer (that an be regarded as another vortex of vanishing irulation) brings the number of partiles in the system
to four, whih is a minimum number, from whih the point vortex haos begins [33, 34℄; the relative simpliity of the
system permits to study anomalous transport in onsiderable detail. A disussion on the importane of three-vortex
systems an be found in [35℄.
In this artile, we investigate dynamial and statistial properties of the advetion in ows produed by three point
vorties with dierent signs. For spei onditions on both the initial position of the vorties and their strength,
the ollapse of the three vorties to a single point is then possible. We rst summarize the motivations for this
work. It is known that for systems involving a large number of vorties, the loal density of vorties utuates, these
2utuations are related to situations when few vorties are lose to eah other and form a luster. The number of
vorties inluded in theses luster vary, but the typial number is around 2-3 [12, 36, 37, 38℄ , while luster involving 4
vorties or more are muh less probable. A given luster exists only for a denite nite time ∆t. During its existene,
the notion of spae-time struture of the luster (or its onguration) an be introdued, and hene the inuene of
this struture on typial traers motion and transport an be studied. Among dierent lusters, long time transport
properties will be most inuened by lusters of vorties with the largest lifetime. The typial size of a luster an be
approximately dened by the minimum distane obtained between two vorties. The loser the vorties are to eah
other, the stronger is their mutual interation and the longer the luster lives. In order to hange the inter-vortex
distanes it is neessary to onsider a minimum of three-vortex interations [35, 36, 42℄. And to bring all vorties
lose together (strong interation) the onguration between the three vorties has to be lose to to a onguration
leading to a ollapse of the vorties [38℄. A typial lifetime estimation of these type of vorties an be assumed to be
linked to the period of the motion of three vorties whih are evolving on a lose to ollapse ourse. It is shown in
this paper that the loser the vorties are to a ollapse onguration the larger the period of the motion is, and that
the growth of the period is exponential with respet to the loseness to the ollapse onguration (see Appendix).
We then expet that some lusters may have arbitrary long lifetime. Having in mind to shed some light on long time
transport properties of systems involving many vorties, we deided to onsider the simpler but nevertheless ruial
ase of transport properties in 3-vortex systems for lose to ollapse motion; this situations also provides an extreme
situation best suited to test a possible universal transport property for three vortex ows. A simple way to dene how
lose a motion is from the exat ollapse ourse is through the deviations of the systems initial parameters from the
onditions neessary for ollapse. For instane one ondition for ollapse is K = 0 (where K is related to the angular
momentum of the system), a lose to ollapse motion then neessarily satises |K| = ε ≪ 1, and ε is the distane
from the ollapse ondition. Hene a speial attention should be made to the notion of lose to ollapse motion,
as in the whole paper we are referring as lose for a small distane of the system in parameter spae from the
ollapse onditions. And we insist that for lose to ollapse motions in the previous sense, no ollapse of the vorties
ours and the minimum distane of approah between the vorties is nite. In this paper the motion of the vorties is
hosen periodi, whih retains the possibility of investigating long time transport properties of these types of ows. To
ondut our study, we use the methodology and the results of our previous works. The dynamis of traers is analyzed
in a spirit similar to [39℄, where the struture of the advetion pattern (haoti sea, resonant islands, stohasti layers,
oherent ores, et) was investigated numerially and analytially for the ase of three idential vorties. Transport
properties of the advetion in that partiular ase (where no ollapse or near-ollapse vortex motion is possible) were
found to be anomalous in [40℄. When vortex irulations have dierent signs, their dynamis may hange onsiderably;
the ollapse phenomenon being one of the most striking examples. The motion of vorties in the viinity of the ollapse
(when the ollapse onditions are just slightly violated) was studied in [41℄, where dierent routes in parameter spae
all leading to the ollapse were outlined. While the kinetis of adveted partiles in non-ollapsing three-vortex ows
was desribed in [40℄, the situation with the advetion in the near-ollapse ows remained unlear. In this artile we
desribe dierent topologial strutures of the advetion pattern, depending on how far is the vortex system from the
ollapse onditions. We an speulate, that the harateristis of the transport of 3-vortex system an be extended
to the ase of many-vortex ows, sine the adveted partile nds itself quite often in the viinity of a luster of 3-4
vorties, that dene the advetion kinetis for a fairly long time-span. For our study, we hose three dierent ases,
orresponding to a spei route to ollapse: a far from ollapse situation, an intermediate one, and one near the
ollapse. In these three ases the ollapse of the vorties is never reahed and the motion of the vorties is periodi,
whih allows the study of advetion for large times and a better understanding of transport in three vortex ows, as
we onsider here an extreme ase with bounded motion, namely the viinity of ollapse onguration.
In the Setion 2, we present the basi equations of the point vortex dynamis, and disuss the ollapse onditions
in a three-vortex system. These results are based on the previous studies of the point vortex ollapse [42℄-[47℄. We
use the notations introdued in [41℄, and develop some argumentation related to our hoie of approahing the initial
onguration of the vortex system orresponding to the ollapse onguration. Advetion equations are introdued
in the Setion 3, where we present dierent tools used to investigate the dynami properties of traers. We fous
on Poinaré setions, topology of the phase spae, and trajetories, while in Setion 4 we present dierent statistial
results. They inlude veloity distributions, distributions of displaements and its moments, distribution of the
Poinaré reurrenes, et. An important point of Setion 4 is to understand better how the dierent regions of phase
spae inuene the statistial properties of trajetories of adveted partiles.
On the basis of the obtained statistial information we onsider kinetis of adveted partiles in Setion 5. Frational
kinetis is involved in that desription, and orresponding salings and harateristi exponents are estimated on the
basis of the results of Setion 4. Motivation for the 3/2 law of the transport is speulated, as well as the multi-
fratal struture of kinetis. Finally, in the Conlusion we disuss dierent impliations of the obtained results and a
possibility to exploit them for the analysis of the advetion in multi-vortex systems.
3II. NEAR-COLLAPSE VORTEX DYNAMICS
The evolution of a system of N point vorties an be desribed by a Hamiltonian system of N interating partiles
(see for instane [67℄). The nature of the interation depends on the geometry of the domain oupied by the uid.
For the ase of an unbounded plane, the system's evolution writes
klz˙l = −2i∂H
∂z¯l
, ˙¯zl = 2i
∂H
∂(klzl)
, (l = 1, · · · , N) (1)
with the Hamiltonian
H = − 1
2pi
∑
l>m
klkm ln |zl − zm| = 1
4pi
ln Λ , (2)
zl = xl + iyl is the omplex oordinate of the vortex l, kl its strength and the ouple (klzl, z¯) are the onjugate
variables of the Hamiltonian H , to whom a new energy parameter is assoiated
Λ ≡ e4piH =
∏
l 6=m
|zl − zm|klkm , (3)
in order to simplify subsequent formulae.
The resulting omplex veloity eld v is given by the sum of the individual vortex ontributions:
v(z, t) =
1
2pii
N∑
l=1
kl
1
z¯ − z¯l(t) . (4)
When zl evolves aording to (1), v provides a solution of the two-dimensional Euler equation, desribing the dynamis
of a singular distribution of vortiity
ω(z) =
N∑
l=1
klδ (z − zl(t)) . (5)
in an ideal inompressible two-dimensional uid.
The motion equations (1) have, besides the energy, three other onserved quantities resulting from the translational
and rotational invariane of H :
Q+ iP =
N∑
l=1
klzl, L
2 =
N∑
l=1
kl|zl|2. (6)
It an be easily veried, that there are three independent rst integrals in involution: H , Q2+P 2 and L2, from whih
it follows, that the motion of three vorties is always integrable. An analysis of possible regimes of the motion of three
vorties and their lassiation an be found in [42, 46℄.
Among the dierent types of motion, there is an important speial ase known as vortex ollapse. This motion is
available when the sum of inverse vortex irulations (harmoni mean) is zero,
3∑
l=1
1
kl
= 0 (7)
and vortex positions positions are suh, that the modied angular momentum K omputed in the referene frame for
whih the enter of vortiity is plaed at the origin, vanishes
K ≡
(
3∑
l=1
kl
)
L2 − (Q2 + P 2) =
3∑
l 6=m
klkm|zi − zj |2 = 0 (8)
Note, that the onditions (7) and (8) do not speify the motion uniquely, rather, they dene a range of energies, for
whih the ollapse is possible (one the values of kl satisfying (7) are given). When both of the onditions are satised,
the solutions of (1) are singular and all three vorties ollide at the enter of vortiity in a nite time. Depending
4on the orientation of the vortex triangle, the ollapse time tc an be either positive or negative. The rst possibility,
tc > 0, orresponds to an atual ollapse, while for tc < 0 the vortex onguration expands without bounds. These
two ases are exat images of eah other under the time-reversal symmetry, and we refer to both of them as vortex
ollapse, keeping in mind, that for tc < 0 the ollapse singularity lies bakward in time. During the motion, the
vortex onguration stays similar to the initial one, meanwhile the area of the triangle, formed by the three vorties
grows/dereases linearly in time. We refer the reader to [41, 42, 46℄ for more details.
When the ollapse onditions (7,8) are satised only approximately, the motion has a spei near-ollapse type
haraterized by an emergene of new sales of distanes and veloities, whih dier signiantly from the initial ones
[41℄. A detailed analysis of the near-ollapse dynamis of three vorties was performed in [41℄ for the ase when two
of the vorties have the same strength. A multitude of motion regimes was found in the viinity of ollapse; dierent
regimes are distinguished by the way the ollapse onditions (7,8) are violated, i.e. whether the ombinations
∑
1/kl
and K are greater, less or equal to zero. Moreover, for some of these ombinations, the motion type also depends
on the energy Λ of the vortex onguration; for example, when
∑
1/kl < 0 and K > 0 there exist ritial energies
Λc1 and Λc2 , suh that in the range Λc1 > Λ > Λc2 the motion has two branhes of periodi motion, for Λ = Λc2
the motion is aperiodi, and for Λ > Λc2 there is only one periodi branh left. A lassiation of the near-ollapse
motion regimes, inluding the behavior of their length and time sales as the ollapse is approahed, an be found in
[41℄.
In order to arry out a detailed study of the advetion for lose to ollapse situations, we restrit our onsideration
to a spei one-parameter family of near-ollapsing vortex systems, dened as follows:
1. Only one of the ollapse onditions, the strength ondition (7), is violated; the seond ondition (8) is satised,
i.e. K = 0.
2. The two positive vorties are idential, by an appropriate hoie of time units their strength an be put to 1;
in other words, we x k1 = k2 = 1. The irulation of the third vortex is negative, k3 ≡ −k, (k > 0). In this
situation, the ollapse happens, when the strength of the third vortex reahes a ritial value k = kc ≡ 1/2. The
distane of the system from the ollapse an be measured by the amount of the strength detuning δ,
δ ≡ kc − k = 1/2− k (9)
We will be onsidering only the ase δ > 0.
3. The energy of the vortex onguration Λ is xed to a onstant value Λ = 0.9.
The rst two onditions ensure the relative vortex motion to be periodi, and the hoie of energy is suh, that in
the approah to ollapse (δ → 0), the maximum inter-vortex distane grows very slowly (no notieable hanges in the
range of δ onsidered below) while the minimum inter-vortex distane rapidly approahes zero. It gives us a onvenient
ollapse in a box setting, where vorties initially separated by a distane of order one, are brought arbitrary lose
(ontrolled by δ) together, whih may be of interest for studies of transport in many vortex-systems. For instane,
the ability to bring vorties loser to eah other by orders of magnitude makes these 3-vortex proesses a dominant
interation mehanism in a rare gas of vortex pathes [38℄.
Before proeeding to the disussion of the advetion, we will briey summarize the results from [41℄, pertaining to
our ase. The dynamis of a three-vortex system with two idential vorties an be mapped to a one-dimensional
Hamiltonian system desribing a motion of a partile of a unit mass and zero total energy in an eetive potential, that
depends on the strength of the third vortex k, and the onstants of motion Λ and K (see appendix). The dynamial
variable X of this one-dimensional system is equal to the squared distane between the two positive vorties
X ≡ |z2 − z1|2, (10)
the other two distanes, an be found from the expressions for Λ and K. And in our speial ase (K = 0) the motion
is onned between two single roots of the potential,
Xmin < X < Xmax , (11)
where
Xmin ≡
(
1− k
2k
)k/δ
Λ−1/2δ, Xmax ≡
(
1
2k
)k/δ
Λ−1/2δ , (12)
whih implies that X(t) is a periodi funtion of time, and onsequently the other inter-vortex distanes are too, i.e.
the relative motion of vorties in our one-parameter family is always periodi.
5As the ollapse is approahed (k → 1/2, δ → 0), the motion tends to over all length sales: Xmin → 0, Xmax →∞,
and its period diverges as
T ∼ 1
δ
Λ−1/2δ . (13)
(see the appendix for the derivation). The inuene of this behavior on the properties of advetion is investigated in
the next setion.
III. DYNAMICS OF THE ADVECTION
A passive partile (traer) follows the ow aording to the advetion equation
z˙ = v(z, t) (14)
where z(t) represent the traer trajetory, and v is the veloity eld. In the ase of a point vortex system, the veloity
eld is given by Eq. (4). The inompressibility of the ow allows to write the advetion equation (14) in a Hamiltonian
form:
z˙ = −i∂Ψ
∂z¯
, ˙¯z = i
∂Ψ
∂z
(15)
where a stream funtion
Ψ(z, z¯, t) = − 1
2pi
3∑
l=1
kl ln |z − zl(t)| (16)
ats as a Hamiltonian. This system in non-autonomous, sine the stream funtion depends on time through the vortex
oordinates zl(t). The harater of this dependene (periodi or not) is important for the further analysis. Below we
will show, that although (16) is quasiperiodi, it an be made periodi by an appropriate oordinate transformation,
whih means, that the advetion in our system has a 1 1/2 degrees of freedom Hamiltonian dynamis.
Indeed, as was mentioned in the previous setion, the relative vortex motion is periodi, i.e. the vortex triangle
repeats its shape after a time T . This does not imply a periodiity of the absolute motion, sine the triangle is rotated
by some angle Θ during this time, see Fig. 1. In general, Θ is inommensurate with 2pi, rendering a quasiperiodi
time dependene of zl(t).
Let us onsider a referene frame, rotating around the enter of vortiity with an angular veloity
Ω ≡ Θ/T. (17)
In this o-rotating referene frame, vorties return to their original positions in one period of relative motion T , see
Fig. 2, their new oordinates
z˜ ≡ z e−iΩt ,
are periodi funtions of time.
In the o-rotating frame the advetion equation retains its Hamiltonian form with a new stream funtion Ψ˜ whih
aquires an extra (rotational energy) term
Ψ˜ ≡ Ψ+Ω2/2|z|2. (18)
An advantage of this new frame is that Ψ˜ is time-periodi:
Ψ˜(z˜, ˜¯z, t+ T ) = Ψ˜(z˜, ˜¯z, t) (19)
and well-developed tehniques for periodially fored Hamiltonian systems an be used to study its solutions.
Note, that the one-period rotation angle Θ is dened modulo 2pi, making the hoie of the o-rotating frame non-
unique. We remove this ambiguity by requiring the negative vortex to make no full revolutions around the enter of
vortiity in the o-rotating frame (as in Fig. 2). This partiular hoie of Ω is inonsequential for the further analysis.
The one-period rotation angles, relative motion periods and angular veloities of the o-rotating frame are presented
6k 0.2 0.3 0.41
Θ(T ) −4.18 · · · ≈ 2pi/3− 2pi −9.4 · · · ≈ pi − 4pi −28.6 · · · ≈ 0.9pi − 10pi
T 10.71 17.53 36.86
Ωv = Θ/T −0.39 −0.54 −0.78
TABLE I: Dierent values of Θ(T ) and the assoiated quantities, the relative period T and the resulting apparent rotation
speed.
in the Table I. As the ollapse is approahed (k → 1/2), T grows rapidly (ompare to the formula (13)), and the
vorties make more and more turns per period, an aeleration of the rotation speed is also observed.
We start our analysis of the advetion by numerially onstruting Poinaré setions of traer trajetories (in the
o-rotating frame). A Poinaré setion is dened as an orbit of a period-one (Poinaré) map Pˆ
Pˆ z0 = z˜(T, z0) = e
−iΘz(T, z0) (20)
where z˜(t, z0) denotes a solution z˜(t) with an initial ondition z˜(t = 0) = z0. Plots of Poinaré setions for three
dierent values, k = 0.2, k = 0.3 and k = 0.41 are shown in Figures 3-5. Vortex and traer trajetories were
omputed using a sympleti fth-order Gauss-Legendre sheme [50℄. Exat onservation of Poinaré invariants by
the sympleti sheme suppresses numerial diusion, yielding high-resolution phase spae portraits.
The Poinaré setions presented in Figures 3-5 show an intriate mixture of regions with haoti and regular traer
dynamis, typial for periodially fored Hamiltonian systems. All three phase portraits share ommon features with
the advetion patterns, found in a ow due to three idential point vorties [39, 43℄: the stohasti sea is bounded by
a more or less irular domain, there are a number of islands inside it, where the traer's motion is predominantly
regular. In partiular, all three vorties are surrounded by robust near-irular islands, known as vortex ores.
Contrary to the ase of three idential vorties, where the traer dynamis is integrable for a speial value of vortex
energy (when the vorties form a steadily rotating isoseles triangle) and has a near-integrable harater in the viinity,
the traer motion in the near-ollapse ow family onsidered here is always strongly haoti, the stohasti sea remains
a prinipal element of the advetion pattern for any k. The phase portraits indiate, that the degree of haotization
inreases with the approah to ollapse. For instane, in the far from ollapse ase k = 0.2 the islands of regular
motion inside the stohasti sea oupy a onsiderable area, and as k inreases, their share drastially diminishes.
A derease in the radii of the vortex ores is of partiular interest, sine they are the robust strutures, whih also
appear in many-vortex systems. The upper bound on the ore radii an be obtained from the minimum approah
inter-vortex distanes. The minimum distane between the two positive vorties (see (12)) is
Rmin1 =
(
1− k
2k
)k/2δ
Λ−1/4δ , (21)
at the same moment the distane between the negative vortex and one of the positive two also reahes its minimum,
whih is
Rmin2 =
1
2
(√
2− k
k
− 1
)
Rmin1 . (22)
At this moment the vorties are ollinear. Sine the sum of the ore radii of two vorties annot exeed the minimum
distane between them, we get an upper bound for the radius of the positive vortex ore, R+core and for that of the
negative one, R−core, in terms of R
min
1 , R
min
2 :
R+core = min
(
1
2
Rmin1 ,
1
1 +
√
k
Rmin2
)
R−core =
√
k
1 +
√
k
Rmin2 (23)
where we took into aount, that the minimum distane between the positive and the negative vortex is shared between
the orresponding ores depending on relative strength, and hoose to dene the boundary as the point between the
two vorties with minimum speed. The ore radii, measured diretly from the phase portraits in Figures 3, 4, 5, and
their upper bounds, obtained from (23) are listed in the Table II.
7k = 0.2 k = 0.3 k = 0.41
r+ ∼ 0.51 ∼ 0.43 ∼ 0.16
r− ∼ 0.3 ∼ 0.2 ∼ 0.1
R+core 0.69 0.57 0.19
R−core 0.43 0.31 0.12
Rsea ∼ 3.3 ∼ 3.6 ∼ 4
Rmax1 1.48 1.68 2.11
TABLE II: Comparison of the observed size of the vortex ores r+, r− with their estimations R+core,R
−
core, given by 23; the
external radius of the stohasti sea Rsea, and the maximum distane reahed between idential vorties R
max
1 .
The presene of islands where the motion is regular, in the stohasti sea, is known to alter the transport properties
of a physial system. This phenomenon is known as stikiness; when a passive partile, traveling in the stohasti
sea, gets lose to an island, it is likely to stik to this island for a while and mimi a regular trajetory of a trapped
partile. And sine with eah island, a whole hierarhy of smaller islands around islands is present, the partile an
stik for arbitrary long times, whih aets on the whole the transport properties of the system.
In [40℄, stikiness has been exhibited by measuring reurrene times of partiles to a given part of phase spae, and
plotting the partiles position on the map with a olor aordingly to their return times. Partiles, that have long
return times, all stik to a partiular island, and do not jump from one to another. Taking these fats into aount, we
use another way to visualize stikiness. Indeed, stiking partiles have all long oherent time behavior, whih reets
in quantities suh as their angular speed, or intrinsi speed. We deide then to ompute the average intrinsi speed
over a denite amount of time of an ensemble of partiles and reord it. The measured quantity is the following
Vi(m,n) =
1
nT
∫ t0+n(m+1)T
t0+nmT
vi(t)dt , (24)
where n is the number of periods over whih the speed is averaged, m keeps trak of the elapsed time, and vi(t) is the
instantaneous speed at time t of the partile i. We then dene the distribution of suh averaged veloities as
ρ(V ;n,m) =
1
Np
∑
i
δ (V − Vi(m,n)) , (25)
and smooth it over an interval to obtain a ontinuous urve. In fat, as an be observed in Fig. 6, for whih the speed
of partiles is plotted versus time, we an notie that after a brief period of time the distribution seems stationary,
meaning that ρ(V, n,m) is independent of m and therefore we an average its value over m, whih in pratie allows
better statistis. Figure 6 is already informative, as we an notie some darker stripes, whih means that some speial
average veloities are favored. This ts with the piture of some partiles stiking to some island for a long time (at
least > 10T here). To obtain this data we omputed the trajetories over 10000 periods for a sample of 253 partiles
and reorded every n = 10 periods. We use the stationarity property and plot the distribution ρ versus the speed
V for the three dierent ases k = 0.2, 0.3, 0.41, these are represented respetively in the gures Fig. 7, Fig. 8, and
Fig. 9. We notie that the dark stripes observed in Fig. 6, orrespond to peaks in the density probability. In order
to haraterize the origin of these peaks, we plotted in Fig. 10, Fig. 11, and Fig. 12, the position of the partiles in
the phase spae ontributing to the peaks in the distribution funtion. As antiipated, eah of the observed peak
orrespond to a spei region of the phase spae around some island. Conerning the inuene of ollapse, we notie
that the area oupied by the ontributing partiles dereases as the ritial ondition is approahed. We may then
speulate that the transport properties of the three dierent system, whih we disuss in the next setion, may dier
in a substantive way.
IV. ANOMALOUS STATISTICAL PROPERTIES OF TRACERS
Deterministi desription of the motion of a passive partile in the mixing region is impossible, sine a loal instability
produes exponential divergene of trajetories, and after a short time, the position of a traer would be ompletely
unpreditable. Even the outome of an idealized numerial experiment is non-deterministi in this situation, sine a
round-o error is reeping slowly but steadily from the smallest to the observable sale. For this reason, long-time
behavior of traer trajetories in the mixing region is usually studied within a probabilisti approah.
8k = 0.2 k = 0.3 k = 0.41
ω −0.484 −0.457 −0.387
µ1 1.563 1.479 1.679
T < 3 · 104 T < 5 · 104 T < 105
µ2 1.226 1.707 1.589
T > 105 T > 1.5 · 105 T > 5 · 105
TABLE III: Basi values of transport properties. The average rotation speed of the traers and the exponent related to the
time evolution of the seond moment are given.
In the absene of long-term orrelations, a kineti desription, whih uses Fokker-Plank-Kolmogorov equation and
leads to Gaussian statistis, [51℄ works fairly well in many ases. Yet, in the present ase, the omplex topology of the
advetion pattern, illustrated by the Poinaré setions in Figures 3-5, indiates that one should antiipate anomalous
statistial properties of the traers in the haoti sea. Singular zones around KAM islands usually produe long-time
orrelations, whih may result in essential hanges in the partile kinetis. Although in some ases these memory
eets an be aounted for by the modiation of the diusion oeient in the FPK equation [52℄[53℄, often their
inuene is more profound [30℄[54℄[55℄[40℄, and leads to a super-diusive behavior with faster than linear growth of
the partile displaement variane:
〈(x− 〈x〉)2〉 ∼ tµ (26)
where the transport exponent µ exeeds the Gaussian value: µ > 1.
In this setion we analyze the statistial properties of traers in the haoti region for three vortex ow geometries,
introdued above: far from ollapse (k = 0.2, Fig. 3), intermediate (k = 0.3, Fig. 4), and lose to ollapse (k = 0.41,
Fig. 5). A plot of a time series of the arlength versus time si(t) =
∫
vi(t)dt for a set of typial traers trajetories
(Fig. 13) reveals an intermittent harater of traer motion: random piees of trajetory are interrupted by regular
ights, some of whih are fairly long. To remain onsistent with previous work, we fous our interest on the harater
of traer rotation, and for that matter, we dene its azimuthal oordinate in the enter of vortiity referene frame
θ(t) ≡ Arg z (27)
to be a ontinuous funtion of time, i.e. θ(t) ∈ (−∞,∞) keeps trak of the number of revolutions performed by a traer.
Mean advetion angle 〈θ(t)〉 (here 〈 〉 denotes ensemble average) grows linearly with time:
〈θ(t)〉 = ωt, (28)
the values of the average rotation frequeny ω for the three ases are listed in Table III.
The growth of the variane,
σ2(t) ≡ 〈(θ(t) − 〈θ(t)〉)2〉 (29)
is faster than linear for all three ases: angular traer diusion is anomalous. From log-log plots of σ2(t) versus time
in Fig. 14, one may see, that in order to desribe the growth of the variane with a power law
σ2(t) ∼ tµ (30)
one has to introdue dierent transport exponents for dierent time ranges. The values of these exponents, obtained
by linear ts of orresponding parts of the graphs of Fig. 14, are given in Table III. Below, the rst time range (with
the exponent µ1) will be referred to as short times, and the seond one (µ2) long times.
Reently [55℄, two types of anomalous diusion were distinguished by the behavior of the moments, other than
variane. The ase when the evolution of all of the moments an be desribed by a single self-similarity exponent ν
aording to
〈|x− 〈x〉|q〉 ∼ tqν (31)
was alled weak anomalous diusion, whereas the ase when ν in (31) is not onstant, i.e.
〈|x − 〈x〉|q〉 ∼ tqν(q) (32)
9was named strong anomalous diusion. The importane of this distintion omes from the fat, that in the weak
ase the PDF must evolve in a self-similar way:
P (x, t) = t−νf(ξ), ξ ≡ t−ν(x− 〈x〉) (33)
whereas non-onstant ν(q) in (32) preludes suh self-similarity. Note, that a self-similar PDF evolution an have a
more general form than (33), with t−ν replaed by an arbitrary deaying funtion of time g(t):
P (x, t) = g(t)f(g(t)(x− 〈x〉)), (34)
whih means, that if for dierent time deades g(t) has dierent asymptotis, the self-similarity exponent ν will hange
from one deade to another. This variation of ν with time (in partiular, dierenes of transport exponents for short
and long times in Table III) is not related to the type (strong or weak) of anomalous diusion.
We have performed the measurements of a set of moments of traer angular PDF (inluding non-integer values of
q) dened as:
Mq(t) ≡ 〈|θ(t)− 〈θ(t)〉|q〉 (35)
for the three vortex geometries. Time evolution of eah moment was tted by a power law:
Mq(t) ∼ tµ(q) (36)
separately for short, and for long times. The results are summarized in Figures 15, 16, 17 (short times) and 18, 19, 20
(long times), where the exponents µ(q) are plotted versus the moment number q. In all ases, the apparent absene
of a single linear t indiates the presene of strong anomalous diusion. This property was also found in [40℄ (by
omparison of the saling properties of the entral part of traer PDF with the behavior of the variane) in a ow
due to three vorties of equal strength. Thus, strong anomalous diusion is a generi property of advetion in three
vortex ows.
Our results show, that µ(q) is well approximated by a pieewise linear funtion of the form:
µ(q) =
{
νq for q < qc
q − c if q > qc
(37)
where c is a onstant, and qc is a rossover moment number qc = c/(1− ν). In [55℄, where this form was introdued,
it was found, that it ts fairly well the numerially obtained values of µ(q) in all ases of strong anomalous diusion,
onsidered there, although a theoretial example of a system with arbitrary (onave) µ(q) was mentioned. Note, that
deviations from (37), ourring in the rossover region q ≈ qc, are probably a result of nite observation time, and
the form (37) might be preise in the limit t→∞.
As we have mentioned, the non-onstant ν(q) in (32) is inompatible with the self-similar evolution of traer
distribution. Let us introdue an almost self-similar distribution
P (x, t) =
{
t−νf(t−νx) for x≪ vt
0 if x > vt
(38)
where the exat self-similarity (33) is broken only in the time-dependene of the ut-o. This modiation of the
exat self-similarity relation (33) takes into aount the fat, that traer speed is bounded by a maximum speed v.
If f(ξ) deays suiently fast at innity (e.g. like a Gaussian), the uto behavior is irrelevant and the moments of
(38) follow (31), but if f(ξ) has a power tail, the almost self-similar distribution (38) will give the pieewise linear
form (37) for the moments. If f(ξ) ∼ ξ−β for large ξ, than low moments Mq with q < β − 1 will be determined by
the entral, self-similar part of the distribution, and high moments (q > β − 1) by the uto value,
Mq(t) ∼
{
tνq for q < β − 1
tq−(1−ν)(β−1) if q > β − 1 (39)
whih is equivalent to (37) with
c = (1− ν)(β − 1) (40)
We may onlude, that the pieewise linear dependene of the exponent µ(q) on the moment number q is a signature
of an almost self-similar evolution of traer distribution with a long-tailed f(ξ). The onstant c in (37) is related to
the self-similarity exponent ν and power law deay exponent β of f(ξ) by (40).
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Another onsequene of the intermittent harater of traer motion is an anomalous distribution of reurrenes of
the Poinaré map of traer trajetories. To dene reurrenes, we take a region B in the haoti sea, and register all
returns of a Poinaré map trajetory into B. The length of a reurrene is a time interval between two suessive
returns. In a system with perfet mixing, the PDF of reurrene lengths obeys a Poissonian law, provided B is small
enough, and deay of the long-reurrene tail of the distribution is exponential for any B. Reurrene distributions
for traers in all three ases (k = 0.2, k = 0.3 and k = 0.41) are shown in Figures 21, 22, 23. The plots show, that all
distributions have long tails, indiating, that between the returns traers are being trapped in long ights of highly
orrelated motion. The form of the graphs suggests, that long reurrenes are distributed aording to a power law
P (t) ∼ t−γ (41)
The values of the exponent γ(δ) are:
γ(0.2) = 2.2 γ(0.3) = 2.4 γ(0.41) = 3.1 . (42)
Note, that while the ollapse onguration is approahed, the value of the exponent inreases, whih may be interpreted
as an improvement in mixing properties of the ow. This agrees with the hanges in the struture of Poinaré setion
(Fig. 10-12): the loser to ollapse we get, the bigger part of the haoti domain is oupied by a well-mixed area,
and the smaller is the role of the singular zones around KAM islands.
In fat one an try to nd out the inuene of the dierent islands on transport by using the distributions illustrated
in Figures 7-9. Indeed, eah island orresponds to a spei peak. We reompute the moments of the distribution in
the far from ollapse ase k = 0.2, for the modied data set, where the trajetories, orresponding to a spei peak
are disarded. The result is presented in Fig. 24. We notie that the ores do aet the transport, but their inuene
is essentially visible for the high moments, while the slow partiles trapped in the outer rim, are mainly responsible
for the low moments; we also notie that we do not observe the hange in slope of the strong anomalous behavior
anymore, and onlude that the strong anomalous feature is due to the interplay of the dierent strutures in the
phase plane.
V. KINETICS OF ADVECTED PARTICLES
In some of the previous publiations (see, for example, [27℄[58℄-[59℄) it was learly indiated that the properties of
anomalous transport are sensitive to phase spae topology. More speially, if we use the frational kineti equation
[51, 58℄ in the form
∂βP (θ, t)
∂tβ
= D∂
αP (θ, t)
∂|θ|α (43)
to desribe distributions P (θ, t) of rotations over angle θ, then the transport oeient D and exponents (α, β) depend
on the presene of dierent strutures suh as boundaries of the domain, islands, antori, et. The results of Setion
4 show the stikiness of trajetories of adveted partiles to the boundary of the domain and to boundaries of islands.
This phenomenon is similar to what has been observed in [39℄ for the same-sign vorties. Our goal of this setion is
to estimate the values of the exponents α, β.
Figures 10-12 demonstrate stikiness of trajetories to spei strutures with a lamentation of stiky domains
along stable/unstable manifolds. In fat, dierent stiky domains generate dierent intermittent senarios with some
assoiated values of (α, β) [58, 59℄. As a result, the real kinetis is multi-frational and an be haraterized by a
set of values of (α, β) or, more preisely, by a spetral funtion of (α, β) in the same sense as the spetral funtion
for multi-fratals [60℄-[62℄. Figures 7-9 show that trajetories, stiking to dierent strutures (islands), have dierent
angular veloities (ompare to peaks in Figures 7-9). Due to this, dierent asymptotis to the distribution funtion
P (θ, t) and dierent values of (α, β) will appear for dierent time intervals. In other words, for a onsidered time
interval one an expet a spei intermediate asymptotis for P (θ, t) and, orrespondingly, dierent pairs (α, β).
Dierent lasses of universality for the values (α, β) were disussed in [59℄. Below we will apply some of these results.
Multiplying (43) by |θ|α and integrating it over |θ| we obtain
〈|θ|α〉 ∼ tβ (44)
or, in the ase of self-similarity the transport exponent µ from the equation
〈|θ|2〉 ∼ tµ (45)
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k q = 2 q > 2
0.2 1.6 1.88
0.3 1.4 2.0
0.41 1.6 1.84
TABLE IV: Values of the transport exponents µ for dierent moments q.
an be estimated as
µ = 2β/α (46)
Expression (45) should be onsidered with some reservations sine the seond and higher moment may diverge. For a
nite time t < t
max
partiles reah a distane (angular rotation) θ < θmax, whih makes all moments nite. Typially
all
θmax = ωmaxt (47)
and ωmax (maximal angular veloity) an be reahed only at the boundary of the domain of haoti motion (see Figs.
6-8).
Using notations (31), (32), and
µ(2) ≡ µ (48)
we an present the results for the transport exponents µ in Table IV. They are almost the same independently of how
far is the ontrol parameter k from its ritial value kc = 1/2 (the ollapse ondition). For large values of q we have
µ lose to µ = 2 whih orresponds to ballisti dynamis with α ≈ β ≈ 1.
This result an be well understood from the stikiness of trajetories to the ores (see Figs. 10-12 in the blak
olor). As it follows from distributions in Figs. 7-9, the partiles that stik to the ores are the fastest ones, and they
just dene the large moments values.
The value of µ for q = 2 is dened mainly by meso-strutures in the middle of Figs. 10-12 (light gray). A
typial property of these strutures is existene of islands with well resolved lamentations due to the viinity of the
strutures to a bifuration. The latter is evident from the sharp orners of islands, whih may indiate a paraboli
type singular point [63℄. A orresponding eetive Hamiltonian, desribing dynamis near a singular point, has a form
[58, 63, 64, 65℄:
H
e
= a1(∆P )
2 + a2∆Q−Q3(∆Q)3 (49)
where (P,Q) are generalized momentum and oordinate and (∆P,∆Q) are their orresponding deviations from the
singular point (P0, Q0):
∆P = P − P0 , ∆Q = Q−Q0 . (50)
Partiularly, it may be
Q = θ , P = θ˙ . (51)
Depending on the oeients aj and on the meaning of variables (P,Q), whih may be dierent from (51), one an
desribe singularity due to bifurations for dierent types of dynamial modes: aelerator mode [63, 64℄, blinking
island mode [63℄, ballisti mode [65℄, et. For all these situations, universality of the Hamiltonian (49) permits
estimation of the exponents (α, β) in (43)
A trajetory that approahes the viinity of the singular point (or, simply, a orner of the island boundary), behaves
intermittently and esapes the near-separatrix boundary layer. The phase volume of the esaping trajetories is
δΓ = δPδQ (52)
where δP, δQ are values ∆P,∆Q related to the esaping partiles. From (49) we an estimate
δP
max
∼ δQ3/2 (53)
and from (52), (53)
δΓ ∼ δQ5/2 (54)
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Esaping from the boundary layer means growth of the radial variable δQ with time, i.e. for an initial time interval
δQ ∼ t, and onsequently,
δΓ ∼ t5/2 . (55)
From (55) we onlude for the esape probability density to leave the boundary layer at time instant t within interval
dt:
ψ(t) ∝ 1/δΓ ∼ t−5/2 . (56)
It was shown in [66℄ that under speial onditions the exponent γ for the trapping time asymptoti distribution
ψ(t) ∼ t−γ (57)
an be linked to fratal time dimension. Moreover, γ is related to the kineti equation (43) as [58℄
β = γ − 1 . (58)
For the onsidered ase we have β = 3/2.
For the spatial distribution of partiles, the simplest situation ours when the diusion proess has Gaussian type
and, onsequently, α = 2. In the ase of the presene of hierarhial set of islands, α an be dened through saling
properties of the island areas. In the onsidered situation random walk is more or less uniform but trajetories are
entangled near stable/unstable manifolds, i.e. in the light gray areas of Figs. 10-12. That means that α ∼ 2 although
it is not exatly 2. Finally, we arrive to:
µ = 2β/α ∼ 3/2 (59)
in orrespondene to observations in the Table IV. The value (59) was also disussed in [59℄ as one of possible universal
values for the transport exponent µ.
We need to omment that it is not worthwhile to try to obtain µ with a higher auray sine a spei value of µ
has no meaning due to multi-fratal nature of transport [59℄. It is also important that we have onsidered suh values
of the ontrol parameter k for whih there exists a strong lamentation. That guarantees a possibility of using Eq.
(49) and the following analysis.
VI. CONCLUSION
We have onsidered the dynamial and statistial properties of the passive partile advetion in a family of ows,
reated by three point vorties of dierent signs. In all three partiular ases, investigated numerially, traer advetion
was strongly haoti: advetion patterns, visualized via Poinare setions of traer trajetories are dominated by a
well developed stohasti sea, oupying most of the area around the enter of vortiity. With the approah of the
vortex system to the ollapse onguration, the degree of traer haotization inreases: the stohasti sea grows,
expanding outward and onsuming some of the inner resonant islands.
The statistis of the traers in the haoti region is non-Gaussian. Anomalous diusion (faster than linear growth
of variane) with dierent time and spae sales was found in all three ases, as well as non-Poissonian distributions
of Poinaré reurrenes (with power law deay of long reurrene probability). We did not nd normal transport
regimes, if suh regime exist, they are onned to narrow windows in the parameter domain.
Transport anomalies are aused by the phenomenon of stikiness of the haoti trajetories to the highly strutured
boundaries of the haoti region. In the ases onsidered, three important types of boundaries an be distinguished:
external border of the haoti sea, boundaries of the resonant islands inside the haoti sea, and boundaries of the
vortex ores. Eah of these inuenes various aspets of traer statistis, analysis of their separate ontributions
shows, that the vortex ores, that rotate with the fastest rate, determine the high moments of the traer distribution,
while the external boundary, being the slowest, but the most stiky, dominate the low moments.
Vortex ores appeared in simulations [39, 43, 68℄, their origin and sizes were derived in [39℄ for a system of three
idential vorties; partiularly it was shown that the ores are the islands of stability lled by invariant urves and
extremely thin stohasti layers. As the ontrol parameter k approahes the ollapse value kc = 1/2, the sizes of the
vortex ores notieably derease. An upper bound of the ore radii, obtained from the minimum distane of vortex
approah to eah other, gives a good estimation for both positive and negative vortex ore size.
Although the transport possesses multi-fratal features, it an be suessively desribed by a frational kineti
equation with harateristi exponents α ∼ 2 and β ∼ 3/2. A orresponding moments dependene is
〈|θ|α〉 ∼ tβ . (60)
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The transport an be haraterized by strong intermitteny whih manifests itself in strong deviation from (60) for
higher moments, i.e.
〈|θ|2m〉 ∼ tµ(m) (61)
with µ ≈ 3/2 for m = 1 and µ ≈ 2m for large values of m. The latter orresponds to a strong inuene of ballisti
regime of traer dynamis.
We note that the value β ∼ 3/2 for α ∼ 2 has also been observed for ows generated by three idential vorties [40℄
and sine this value remains for 3-vortex ows with extreme stress (viinity of ollapse) we may reasonably speulate
that for all periodi (bounded) three vortex ows β ∼ 3/2. We would like to point out that the present work by
analyzing the role played in transport by the dierent strutures involved in the ow using various tehniques, and
by onrming a typial value of the seond moment exponent should be of interest for the analysis of more realisti
and ompliated systems involving many vorties and oherent strutures suh as geophysial uid dynamis.
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EXPONENTIAL PERIOD GROWTH
In this appendix, we reall some earlier results presented in [41℄, and ompute an asymptoti of the period growth
as a funtion of δ = 1/2− k.
It has been shown for the ase of three vorties with two idential ones that the relative motion of these vorties
an been desribed using an one-dimensional eetive Hamiltonian
Heff (X˙,X ; Λ,K, k) ≡ P 2/2 + V (X) = 0 , (62)
with Hamiltonian equations
X˙ = ∂Heff/∂P ≡ P , P˙ = −∂Heff/∂X , (63)
where X = R21 is the square of the distane between the two positive vorties, and the potential V has the following
form
V (X) ≡ [(K − (1− k)X)
2 − 4k2Y ][(X −K)2 − 4k2Y ]
8pi2k2Y 2
, Y = (ΛX)1/k . (64)
Let us now estimate the period of the relative motion in our ase. In this paper we hoose a situation with K = 0,
using then the transformation
U = X2/4k2Y , (65)
the potential (64) beomes,
V (U) =
2
pi2
k2 (1− k)2
(
U − 1
(1− k)2
)
(U − 1) , (66)
given the fat that Heff = 0, the motion is onned to the negative regions of the potential whih leads to
1 ≤ U ≤ 1
(1 − k)2 . (67)
14
Consequently we obtain from (67) the boundaries for X during the motion. We then ompute the period of the
relative motion using the eetive potential
T = 2
∫ X2
X1
dX√
−V (X) . (68)
In the limit δ → 0 (k → 1/2), we obtain
V (U) ∼ 1
8pi2
(U − 4)(U − 1) , (69)
and using the inverse transformation,
X = (4k2Λ1/kU)1/(2−1/k) ∼ (Λ2U)−1/4δ , (70)
we express the period in terms of U , whih leads to
T ∼ 1
4δ
∫ 4
1
(Λ2U)−1−1/4δ√
(U − 1)(4− U)dU . (71)
As δ → 0 (k → 1/2), it is the numerator in (71), whih denes the asymptoti behavior, sine it is dereasing funtion
of U , the dominant term is from U = 1 whih leads to
T ∼ 1
δ
Λ−1/2δ . (72)
Sine the ondition Λ = 0.9 < 1, is veried (and is neessary for the ollapse to happen [41℄), we have an exponential
growth of the period as the vortex-ollapse onguration is approahed.
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FIG. 1: Vortex trajetories for k = 0.3 in absolute referene frame. Initial vortex positions A,B (two positive vorties) and C (a
negative one) are marked with irles. Vortex triangle A′B′C′ orresponds to t = t0+T/2, it is ongruent to the initial ∆ABC,
but the two positive vorties are transposed; after another half-period of relative motion the original orientation restores. Center
of vortiity is marked by a +.
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FIG. 2: Same trajetories as in Fig. 1, plotted in the o-rotating frame: vortex motion is periodi.
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FIG. 3: Poinaré Map of the system for the far from ollapse ase. The onstants of motion are K = 0, Λ = 0.9. Vortex
strengths are (−0.2, 1, 1). The period of the motion is T = 10.73.
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FIG. 4: Poinaré Map of the system for the intermediate ase. The onstants of motion are K = 0, Λ = 0.9. Vortex strengths
are (−0.3, 1, 1). The period of the motion is T = 17.53.
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FIG. 5: Poinaré Map of the system in the lose to ollapse ase. The onstants of motion are K = 0, Λ = 0.9. Vortex strengths
are (−0.41, 1, 1). The period of the motion is T = 36.86.
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FIG. 6: Averaged speed V over 10 periods versus time. We notie that some veloities are favored. The distribution does not
seem to be time dependent exept at the very beginning. The onstants of motion are K = 0, Λ = 0.9. Vortex strengths are
(−0.2, 1, 1). The period of the motion is T = 10.73.
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FIG. 7: Probability distribution of V = (s(t+10T )− s(t))/10T , where s is the arlength of a given traer. We notie dierent
peaks. The onstant of motion are K = 0, Λ = 0.9. Vortex strengths are (−0.2, 1, 1). The period of the motion is T = 10.726.
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FIG. 8: Probability distribution of V = (s(t+10T )−s(t))/10T . We notie dierent peaks. The onstants of motion are K = 0,
Λ = 0.9. Vortex strengths are (−0.3, 1, 1). The period of the motion is T = 17.53.
25
0 1 2 3 4 5 6
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
V
ρ(V
)
FIG. 9: Probability distribution of V = (s(t+10T )−s(t))/10T . We notie dierent peaks. The onstants of motion are K = 0,
Λ = 0.9. Vortex strengths are (−0.41, 1, 1). The period of the motion is T = 36.86.
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FIG. 10: Loation on the Poinaré setion of the points with denite speial averaged veloity (ompare to peaks in Fig. 7).
In dark gray the points orresponding to 0.595 < V < 0.605. In light and lighter gray the points orresponding respetively to
0.81 < V < 0.83 and to 1.22 < V < 1.25. In blak the points with orresponding speeds V > 1.8. The onstants of motion are
K = 0, Λ = 0.9. Vortex strengths are (−0.2, 1, 1). The period of the motion is T = 10.73.
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FIG. 11: Loation on the Poinaré setion of the points with denite speial veloity (ompare to peaks in Fig. 8). In light
gray the points orresponding to 0.545 < V < 0.565. In blak the points with orresponding speeds V > 1.5. In dark gray the
points orresponding to V < 0.52. The onstants of motion are K = 0, Λ = 0.9. Vortex strengths are (−0.3, 1, 1). The period
of the motion is T = 17.53.
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FIG. 12: Loation on the Poinaré setion of the points with denite speial angular veloity (ompare to peaks in Fig. 9).
In light gray the points orresponding to 0.7488 < V < 0.7515. In blak the points with orresponding speeds V > 1.5. In dark
gray the points orresponding to V < 0.489 The onstants of motion are K = 0, Λ = 0.9. Vortex strengths are (−0.41, 1, 1).
The period of the motion is T = 36.86.
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FIG. 13: The deviation from the mean arlength (s(t) − V t) versus time t is plotted for 30 partiles. We notie the ights
orresponding to a partile being in a the stiky zone around an island. The onstants of motion are K = 0, Λ = 0.9. The run
is over 20000 periods. The average speed is V ≈ 0.87. Vortex strengths are (−0.2, 1, 1). The period of the motion is T = 10.73.
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FIG. 14: The seond order moment for the angle distribution (〈(θ(t)− θ(t))2〉) versus time for the three ases k = 0.2 (solid
line), k = 0.3 (dashed line), and k = 0.41 (dot-dashed line). We notie a hange of behavior for the large times. The onstants
of motion are K = 0, Λ = 0.9.
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FIG. 15: The exponent qν(q) versus the moment order q for the angle distribution (〈|θ(t) − θ(t)|q〉 ∼ tqν(q)) is plotted for the
small times (t < 3 104, or t < 3000T ). We notie two linear behaviors: µ(q) = 0.79q for q < 2, and µ(q) = 0.94q + Cte for
q > 4 Vortex strengths are (−0.2, 1, 1). The period of the motion is T = 10.7.
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FIG. 16: The exponent µ(q) versus the moment order q for the angle distribution (〈|θ(t) − θ(t)|q〉 ∼ tµ(q)) is plotted for the
small times (t < 5 104, or t < 3000T ). We notie two linear behaviors: µ(q) = 0.62q (q < 2), µ(q) = 1.00q + Cte (q > 2). The
onstants of motion are K = 0, Λ = 0.9. Vortex strengths are (−0.3, 1, 1). The period of the motion is T = 17.53.
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FIG. 17: The exponent µ(q) versus the moment order q for the angle distribution (〈|θ(t) − θ(t)|q〉 ∼ tµ(q)) is plotted for the
short times (t < 105). We notie two linear behaviors: µ(q) = 0.78q (q < 2), µ(q) = 0.92q − Cte (q > 2). The onstants of
motion are K = 0, Λ = 0.9. Vortex strengths are (−0.41, 1, 1). The period of the motion is T = 36.85.
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FIG. 18: The exponent µ(q) versus the moment order q for the angle distribution (〈|θ(t) − θ(t)|q〉 ∼ tµ(q)) is plotted for the
long times (t > 105). We notie two linear behaviors: µ(q) = 0.62q (q < 2), µ(q) = 1.01q − Cte (q > 2). The onstants of
motion are K = 0, Λ = 0.9. Vortex strengths are (−0.2, 1, 1). The period of the motion is T = 10.7.
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FIG. 19: The exponent µ(q) versus the moment order q for the angle distribution (〈|θ(t) − θ(t)|q〉 ∼ tµ(q)) is plotted for the
long times (t > 1.5 105). We notie two linear behaviors: µ(q) = 0.75q (q < 2), µ(q) = 1.04q − Cte (q > 2). The onstants of
motion are K = 0, Λ = 0.9. Vortex strengths are (−0.3, 1, 1). The period of the motion is T = 17.53.
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FIG. 20: The exponent µ(q) versus the moment order q for the angle distribution (〈|θ(t) − θ(t)|q〉 ∼ tµ(q)) is plotted for the
long times (106 > t > 5 105). We notie two linear behaviors: µ(q) = 0.77q (q < 2), µ(q) = 0.82q −Cte (q > 2). The onstants
of motion are K = 0, Λ = 0.9. Vortex strengths are (−0.41, 1, 1). The period of the motion is T = 36.85.
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FIG. 21: Distribution of Poinaré reurrenes. The onstants of motion are K = 0, Λ = 0.9. Vortex strengths are (−0.2, 1, 1).
The period of the motion is T = 10.7. The tail presents a power law behavior whose exponent is ∼ 2.2. The simulation is
performed over 50 000 periods, statistis are made with 1137 partiles.
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FIG. 22: Distribution of Poinaré reurrenes. The onstants of motion are K = 0, Λ = 0.9. Vortex strengths are (−0.3, 1, 1).
The period of the motion is T = 17.53. The tail presents a power law behavior whose exponent is ∼ 2.4. The simulation is
performed over 50 000 periods, statistis are made with 1012 partiles.
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FIG. 23: Distribution of Poinaré reurrenes. The onstants of motion are K = 0, Λ = 0.9. Vortex strengths are (−0.41, 1, 1).
The period of the motion is T = 36.85. The tail presents a power law behavior whose exponent is ∼ 3.1. The simulation is
performed over 50 000 periods, statistis are made with 637 partiles.
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FIG. 24: Exponents versus moment order in the ase k = 0.2, the dierene with Fig.15 or Fig.18 is that here we did ut some
parts of the distribution. the star sign * the slow motion (near zero peak orresponding to the outer rim) has been removed,
the irle sign o the fast motion (Ω < −1 orresponding to the ores) has been removed. We notie two linear behavior with
slopes 0.78 and 1, whih is respetively similar to the low and high moment behavior of Fig.15 or Fig.18. This allows us to
identify the individual role in transport of the dierent strutures in the phase spae.
